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Method for Calculating the Interlaminar Stresses in Symmetric
Laminates Containing a Circular Hole

Chu-Cheng Ko* and Chien-Chang Liny
National Chung-Hsing University, Taichung, Taiwan 40227, Republic of China

An efficient approximate solution for three-dimensional stress distributions around a circular hole in sym-
metric laminates under a set of far-field in-plane stresses is presented. Stress functions for each ply are assumed
according to the boundary-layer equilibrinm equations. In addition, all the boundary conditions for each ply
and traction continuity at the ply interface are exactly satisfied. Eventually, the unknown parameters in stress
functions are determined by the minimization of complementary energy of the whole laminate. Numerical
examples are presented in comparison with given literature which shows that the present method is efficient.

I. Introduction

UE to stiffness discontinuity between plies, it is easy to

cause interlaminar stress concentrations near the free-
edge region in composite laminates. Such stresses will com-
mence delamination, matrix crackings, and failure of lami-
nates, especially under fatigue loading.

Since 1970, numerous investigations! ~3 have used various
methods to determine the interlaminar stresses at the straight
free edge of composite laminates. Pipes and Pagano! adopted
the anisotropic elasticity theory in conjunction with the finite
difference method to analyze a simple four-ply laminate. Wang
and Crossman? used a finite element approach to investigate
this same problem. Wang and Choi** derived an analytical
solution based on Lekhnitskii’s stress potentials and the the-
ory of anisotropic elasticity to determine the exact order of
stress singularity at the free edges of laminate. In an effort
to develop an efficient method to deal with thick laminates
(say 100 plies), Kassapoglou and Lagace® used the force bal-
ance method in conjunction with the principle of minimum
complementary energy to obtain an analytical solution for
interlaminar stresses at straight free edges.

Owing to the complicated geometry for the curved free
edges as compared with the straight free edges, little work
has been done for composite laminates with curved free edges.
Basically, the analysis of straight free edge may be assumed as
a problem with two-dimensional stress and strain variations.
However, the curved free edge is a typical three-dimensional
problem. This difference has rendered the analysis for the
curved free edge more difficult than the straight free edge.
A boundary-layer theory based on the perturbation technique
for isotropic elastic plates with a circular hole developed by
Reiss® has been extended to composite laminates by Tang.”-#
This approach is based on identifying the boundary-layer
problem as two equivalent problems, namely, a modified tor-
sion problem and a modified plane strain problem. However,
Tang’s solution can only satisfy part of boundary conditions
in an average sense, which may result in unreliable stress
results near the free edges.” In addition, Tang’s solution will
be very tedious for laminates with numerous plies. Zhang and
Ueng'® proposed a simplified method to investigate the effect
of the ratio of hole radius to laminate thickness on the inter-
laminar stress distributions around a hole in a (0/90 deg),
laminate under far-field tensile or shear stress; however, it is
assumed that the order of stress singularity is prescribed and
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independent of the material properties and ply orientations
of the laminate.

Numerical investigations such as finite element methods
have also been used to analyze the interlaminar stress distri-
butions around the curve free edge. Rybicki and Schmuesser'!
used a structural analysis package SAP IV and adopted a
common three-dimensional isoparametric, compatible dis-
placement element to model each ply in the laminate. Prob-
lems were selected to evaluate the effect of stacking sequence
and lay-up angle on the interlaminar normal stress distribu-
tions around the hole. Similarly, Lucking et al.’? also used
the SAP IV program to investigate the effect of hole-radius-
to-laminate-thickness ratio on the interlaminar stress distri-
butions around the hole in a (0/90 deg) laminate. The results
of these two studies are based on the conventional displace-
ment finite element method so that compatability is exactly
satisfied while the equilibrium equations and free-edge
boundary conditions are only approximately satisfied. This
drawback may lead to questionable stress results near the free
edge, which has been strongly emphasized by Spilker and
Chou.? Rybicki and Hopper!® derived an equilibrium stress
field from Maxwell stress functions that are continuous even
along the ply interface. However, this assumption violates the
fact that the in-plane stresses are only piecewise continuous
through the laminate thickness. Nishioka and Atluri' devel-
oped a “‘special-hole-element” which was based on a modified
complementary energy principle and the embedded analytical
asymptotic stress solution near the hole. Bar-Yoseph and
Avrashi'® extended the boundary-layer theory in conjunction
with a variational-perturbation technique and assumed stress
finite element method for the analysis of three-dimensional
stress distributions around a curvilinear hole in laminates.
One of the shortcomings associated with the above finite dif-
ference, finite element, stress potentials, and boundary-layer
theory solutions is that they may be inefficient or tedious for
laminates with numerous plies. Such limitations make it hard
to handle thick laminates. So far, to the authors’ knowledge,
Pagano and Soni'” developed a global-local model that could
handle laminates with numerous plies. However, the solution
is very sensitive to the substructuring technique.

The main purpose of the present work is to establish an
efficient method of analyzing the interlaminar stress distri-
butions around a circular hole in symmetric laminates under
a set of far-field in-plane stresses. This method takes the
advantage of Kassapoglou and Lagace’s technique® for the
straight free edge in conjunction with the boundary-layer the-
ory. All the boundary conditions for each ply and interface
traction continuity are exactly satisfied. Comparisons of the
present results with the available data in literature demon-
strates the efficiency and accuracy of this method.
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II. Method of Stress Analysis

Consider a symmetric laminate with N orthotropic piles of
equal thickness ¢. The laminate has a circular hole of radius
R and is subjected to a set of far-field in-plane stresses as
shown in Fig. 1. The origin point of the local coordinate is
located at the center of the hole on the bottom surface of
each ply.

The equilibrium equations, in the absence of body forces,
can be written in a polar coordinate system

oo | Loy ot o — oy
or r 96 0z ¥

oy Loofy ok 2
or r a6 0z ro

O 1t o ®
U s LY ) (1)

or r o6 0z r

where o, o, 0¥ are normal stress components and
78, 79, 7% are shear stress components of the kth ply in
terms of polar coordinates.

Analogous to Refs. 6 and 7, the following nondimensional
variables are defined:
p = z®/t,

&E=(r—-RJR, £=0; 0O=sp=s1

£ = /R, n = fe

The equilibrium equations for the kth ply can be modified
as Eq. (2), and the senses of positive stresses are shown in
Fig. 2:

70, + e[o"‘) +

e+

g(f%?o t o - 0%’3’)} =

1
T(zl;?P + s|:75,e(,)§ 1 + g(o'gee + 275’5))] =

a‘é’;)p + 8[7525 woe T 78 :| =0 (2)

Now, the region under consideration is divided into interior
region and boundary-layer region and each stress component
is to be determined by superposition of the interior stress
0% and boundary-layer stress f;.. In the interior region, Lekhn-
itskii’s theory of two-dimensional anisotropic elasticity'® in
conjunction with classical lamination plate theory'® is adopted.
In the vicinity of free edge around the hole, namely, the
boundary-layer region, there exists a three-dimensional stress
state of each ply, and the above two-dimensional anisotropic
elasticity is inadequate.

The equilibrium equations in the boundary-layer region
may be approximated by expressing the boundary-layer stress
components f;; as the perturbation series of &:

fii("?’ 0= P, E) = 20 f:(/")(TI, 0, p)gn (3)
where f(” = 0 for n < 0.

Introducing Eq. (3) into Eq. (2) and equating like powers
of £, we obtain a series of differential equations for the bound-
ary layer. The zeroth-order approximation is given by the
solution of the following equilibrium equations:

0k O(k) —
e TING =0

1 + £ = 0
f29 + 2% = 0 @
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Fig. 1 Laminate geometry and coordinate system.

Fig. 2 Senses of positive stresses.

It can be seen that equilibrium equations of the zeroth-
order approximation are much simplier than the original equi-
librium equations (2). In addition, the circumferential stress
component f9’ has been dropped in the zeroth-order equi-
librium equatlons

The first-order approximation requires a solution of the
differential equations

Fi + fon + nfl + nfol + fl
+ f()(k) fgi)k) =0
Sy Ll nfU, 4 nf + fik + 2% =0
Wy S+, Sl S =0 ()

The high-order approximations can be obtained similarly.

In this study, we have restricted our attention to the zeroth-
order approximation, and the approximate stess solutions for
the boundary-layer region can be obtained according to the
following procedures:

1) Select the appropriate stress functions that satisfy the
equilibrium equations.

2) Determine the coefficients of the stress functions by
satisfying the associated boundary conditions and interface
traction continuity.

3) Minimize the complementary energy to determine the
remaining unknown parameters.

A. Stress Functions for Boundary-Layer Region

In order to seek the stress solutions for the boundary-layer
region, we may assume that each stress component (except
for f947), for the kth ply, can be expressed as the product of
two independent functions, such that

1 = P (OrP(n) ©)

here, functions g{°(p), h{¥(n) are to be determined for each
ply in the laminate.
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On substitution of Eq. (6) into equilibrium equation (4),
we can find that the unknown functions are related as follows:

dg®

g (7a)
L (70)
B (79)
- (sa)
- (80)
-2 hy (80)

It can be observed that the required minimum number of
the unknown functions g(p), h$’(n) is four in each ply. Once
these four functions are determined, the remaining functions
can be obtained by Egs. (7a—7¢) and (8a-8c).

In view of Egs. (7a-7c), we may select g and g® as our

basic approximate functions of p, and assume

® = BY G

(k)
re

B (9b)

The substitution of Egs. (9a) and (9b) into Eqs. (7a-7c), and
integration with respect to p yield the remaining expressions
for g{(p) in the kth ply as follows:

g = Bp + BY %)
g9 = B + BYp + BY (99)
8% = Bp + BY 9e)

In the present application, it is considered for simplicity that
B and B are fixed as unity with no loss of generality.

Similarly, we select A% and A% as our basic approximate
functions of 7, and assume

o = AP exp(—Am) + AL exp(—AAym)  (10a)

Ky = A exp(=Am) (10b)

Here, A, and A, may be regarded as decay parameters.

Putting Egs. (10a) and (10b) into Eqs. (8a—8c) and taking
differentiations with respect to n, the remaining expressions
for h{(n) in the kth ply can be obtained:

h% = AP, exp(—Am) + Agk)/\l)\z exp( —A,A;m) (10c)
H® = AP exp(—Am) + APANS exp(—AAm)  (10d)
hl) = ALA exp(—Am) (10e)

In the above stress expressions, the coefficients A% and
B%) are to be determined by the associated boundary con-
ditions and interface traction continuity. In addition, circam-
ferential stress function f93’, which has been dropped in the
zeroth-order approximation, can be obtained by setting the
boundary-layer circumferential strain &3y’ to be zero.”
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B. Boundary Conditions and Interface Traction Continuity

The associated boundary conditions and interface traction
continuity by the zeroth-order approximation can be given as
follows:

1) At infinity, boundary-layer stress components f3* will
vanish and boundary conditions will be satisfied by the interiot
region in a stress resultant concept

im {f()(k) (r)ék)7 ()(k)7 00 fn(k) =0

rroo rz 26 > J zz
=

k=1,2,...,N (11a)
2) On the top and bottom surface of the laminate
0 = 0N = fON = (11b)

3) At the interface of two adjacent plies

0k . fotk=1)
rz rz
0k) . potk+1)
f:B - fzt?
k k
fO = 12 N-1  (1lo)

4) Along the hole boundary, i.e., 7 = 0

kY — foto JLE3 T
a(rr) - + air - O

rr
" = f =0

0 = ()

rz ’

k

Il

1,2,...,N (11d)

C. Stress Solutions for Interior Region

According to Lekhnitskii’s theory of two-dimensional an-
isotropic elasticity,'® stress solutions near a hole resulting from
a set of far-field stresses o7, o7, 77, can be given as follows:

o Oyys Toy
0% = 2Re[(sinf — p, cost)’*d;

+ (sinf — p, cos@)>di]

+ o7, cos’f + o7, sin?f + 217, sinf cosé
0% = 2Re[(cosf + u, sinf)>d;

+ (cosf + u, sing)>d}]

+ o7, sin*f + o7, cos?f — 277, sinf cosd
9% = 2Re[(sinf — u, cosB)(cosd + w, sind)P;

+ (sin@ — w, cosd)(cosd + u, sinf)Pi]

+ (07, — 0%) sin@ cos# + 17,(cos’@ — sin’6) (12)
in which

—i

T 2 = (1 i)

w11 - r(cosf + u, sin6)
V¥ (cosd + p, sinf)? — R¥(1 + w3)

{7 + ofim + T+ )}

1
1

i
D 2w~ ma)(1 i)

11— r(cosf + u, sinf)
Vrcost + u, sing)? — R(1 + wu3)

b {o5 + oniuw, + 50 + p)}

andi = V —1, and p, and u, are the complex roots obtained
from the characteristic equation.'®
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Using the classical lamination plate theory and coordinate
transformations, the in-plane stress components for the kth
ply can be obtained in the following matrix form:

(k)
a,, an a ap}® (o,
T%s = | % G On Tho (13)
o a3 G s T

[a)® = [T][Q)®[b)(T]

wherein [7] is the coordinate transformation matrix, [Q]® is
the transformed stiffness matrix of the kth ply in xy coordi-
nates, and [b] is the laminate-equivalent anisotropic compli-
ance matrix.

and

D. Stress Solutions for Boundary-Layer Region

From the assumed stress functions, Egs. (9) and (10), in
conjunction with associated boundary conditions, Eqs. (11a)
and (11d), we have

A
AP = —APA, = - e aBol),
a
A&k) = I‘_—l— UQgi,,:O
AP = —agg)‘fgein:o (14)
here
E, ;
Thuly—o = £ {05~k cos?0 + (1 + n) sinf]

+ o5 [k(k + n) cos?6 — k sin?6]

— 7 [n(1 + k + n) sind cosd]}

y

and
E, _ 1
E. sin*6 + (n? — 2k) sin?6 cos?0 + k2 cos*6
E
k=B om=Lf 9wV
E, G,

wherein E, E,, G,,, and v,, are the laminate-equivalent mod-
uli in xy coordinates.

Next, from the interface traction continuity conditions, Eq.
(11c), and traction-free conditions at the top and bottom sur-
face of the laminate, Eq. (11b), we have

BY =1

12 j=k+1
B =1
1 N
(k) — ()
By = 73 E as; (15)
a3y j=k+1
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Furthermore, from the interface traction continuity condi-
tion, we can conclude that A, and A, are constant through the
laminate.

So far, we have determined the coefficients A% and B
of the stress functions. Therefore, the stress solutions for the
kth ply in the boundary-layer region can be formulated as
follows:

R0 = AP(exp(—Aam) — A; exp(A,m))
% = AL exp(—Am)

% = (p + BENALAM)(exp(—AAm)

= exp(—A,m)
% = (p + BY)APA, exp(—Am)
2 = (p* + BPp + BN APAIN) (A, exp(—AA.m)
= exp(=Am))
FU = = (S + SR + SORSE  (16)
where the S are anisotropic compliances for the kth ply.
By superpositioning the stress solutions from the interior

and boundary-layer regions, we can obtain the expressions
for total stress components:

ky — )K) 0tk)
ap =a” + f
k) — )k (k)
ol = 0 + fou

k)Y — kY 0k)
T =T + [l

k) — FOK)
ng) - frz
k) — fFO)
T(zt)) Sz
o = f (17)

E. Complementary Energy Minimization

It is obvious that the problem is reduced to solve the un-
known parameters A, and A, which are to be determined by
complementary energy minimization for the zeroth order. In
addition, the external work has no contribution to comple-
mentary energy minimization due to its independence with
respect to A, and A,.

N 1 T t ES
ol =3 ,(Zl Ejv.[) fuv(k»

X [(SH (r)r + Smf(z)z + Sl() Ev’ﬁ (r)r
+ (SUf(r)r + S}Sf(:)z + §36flr]9)f(:]z
+ Sufl + Ssofl + Seofi)

+ ($aafO + SusfONf2 + Susfls + Sssf0)10
x (R + m)t:dndpde} =0 (18)

where

S = 350 = SSYISE

Substitution of stress components in Eq. (16) into Egq.
(18) and then differentiation with respect to A, and A,, respec-
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tively, yields the following nonlinear simultaneous algebraic
equations:

all,
A,

= {ASRGAIP,; + 3A4P.,) + AH(2A3P,)

+ A?R[A§(~2PB — 2P + Py + 2Py + Pss)

+ A3(—=2P;3 — 2Py + 2P, + 2P, + Ps5)

+ A2RP,,) — M R[AM(P, + 2P + Pg)

+ A3(4P,, + 6P,  + 2Py)

+ AJ(4P,, + 4P, + Py) + AP

— {A3(Py, + 2P + Pg)

+ A(4P, + 6P + 2P4)

+ A3(8P,, + 8P, + Py) + 40P, + P =0 (19)
oll, <m s
'a)«_z = {ASR(A}P5;) + A3(3ATP5;) + A2A3RP,

+ 2A1tPs; + AR(—=2P,; — 2P + 2P, + Pss)
— A —=2P;y — 3Py + Py + Pss)
Py, + Pyl

2Py + 2Pys + Pss)

— MR(Q2P, + 2P —
+ M[AR(-2P5 —
+ A= 2Py — Py + 3P, + Pss)

— MR(4P,, + 2P ) — t(6P,, + SP)]

— A3(BARPy + 61P)) — A(ARP; + 41Py)

—tP;}=0 (20)

where the coefficients P, are calculated by means of 32-point
Gaussian quadrature formulas and given in the appendix.

Due to the complexity of the nonlinear simultaneous Eqs.
(19) and (20), it is not easy to find the exact expression of
solutions. Therefore, the employment of numerical technique
such as Newton-Raphson iterative method is necessary. Nor-
mally, there are thirty pairs of A, and A, for Egs. (19) and
(20). However, only one pair that has positive real value and
makes the complementary energy minimization is needed. A
detail algorithm for solving A, and A, is given in Ref. 5 and
followed in the present analysis. A recommended starting
value for A, is 1.0 (1/in.).

III. Numerical Results and Discussions

In order to check the accuracy and efficiency of the present
method, comparisons of numerical results with literature are
presented. The following material properties of a single ply
for boron/epoxy used in the present study are given by Refs.
8 and 13-15, i.e., E,; = 30.0 Msi, E,, = Ey; = 3.0 Msi,
Gpn = G35 = Gy = 1L.OMsi, v, = vy = v,y = 0.336. For
the purpose of assessing the efficiency of this method, lami-
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nates of (45/—45 deg) basis due to far-field uniaxial tension
are considered. The values of decay parameters A, and A,,
computer execution time on a CDC 180/830 computer system,
and the number of iterations are given in Table 1. It can be
seen, from these results, that the current technique is very
efficient even for laminates with numerous plies. It is also
interesting to note that the magnitudes of A, decrease with
the increasing number of plies. This phenomenon reveals that
the influence of the second exponential function in Eq. (10d)
on the interlaminar normal stress declines for laminates with
a number of plies.

The case of a (90/0 deg)s laminate subjected to uniaxial
tension is considered. The circumferential stress distributions
for 0-deg and 90-deg ply around the circular hole boundary
(at r = R), by the present method, are compared with those
by Tang® and Nishioka and Atluri'® as shown in Fig. 3. It can
be seen that they are in excellent agreement. The circumfer-
ential stress g, at § = 90 deg for 0-deg and 90-deg ply is
approximately in the ratio of 10:1, which is nearly identical
to the ratio of longitudinal modulus £, to transverse modulus
E,,. This result is not surprising from a structural viewpoint.
As a matter of fact, the composite laminate in itself is a
complex structure, therefore, the overall stress will be shared
according to the relative stiffness of each ply. The variation
of interlaminar shear stress 7., at 90/0 deg interface is shown
in Fig. 4. It 1s seen that the present results have good agree-
ment compared with those of Tang.® However, these results
do not agree well with those of Rybicki and Hopper!® except
for the value and location of peak stress. This discrepancy
may be attributed to the assumption of Rybicki and Hopper,*?
in which the in-plane stresses are assumed to be continuous
along the ply interface. Fig. 5 shows the distributions of in-
terlaminar normal stress o,, at the midplane of the laminate
around the hole. It can be observed that the present results
have a similar trend with those of Refs. 14 and 15 except for
small angles. However, the discrepancy between the present
results and those of Ref. 8 is considerable, especially at § =

}Tang[S]
“-90°

12.0 r

1.0 F

100 F (90°/0°)s p
oF  -o0° ;
sor Present

80r  .90°

TOr | oe

&or ) }lehioka,Atluri[w]

5.0 r

40

Ogo [0,
w
(o)

20 6(Degrees)

—3.0+

~4:ot

Fig. 3 Circumferential ply stress o4, around a circular hole of a
(90/0 deg)s laminate under uniaxial tension, R/H = 1.25.

Table 1 Computer execution time and number of iterations for various laminates

Laminate CPU, Iteration Ay,
construction R/H S no. 1/in. A,
(45/—45 deg)s 100.0 1.035 6 1.1483 1.1855
(45/—45 deg),s 50.0 1.532 7 1.1518 0.6664
(45/—45 deg). 25.0 2.334 8 1.1532 0.3825
(45/ — 45 deg)ys 12.5 4.350 9 1.1513 0.2273
(45/—45 deg),»s 8.33 7.070 10 1.1481 0.1700
(45/—45 deg),ss 4.17 19.046 11 1.1381 0.1055
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Fig. 4 Interlaminar shear stress 7,, around a circular hole at 90/0-
deg interface of a (90/0 deg)s laminate, R/H = 1.25.
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- e—%-<Nishioka,Atluri[15] <
[ -5 Rybicki,Schmuesser[14] :

- Tang(8]

%0 70 80 \ 90
8(Degrees)

-0.5-

Fig. 5 Interlaminar normal stress o, around a circular hole at the
midplane of a (90/0 deg)s laminate, R/H = 1.25.

90 deg. The main reason may be, as mentioned earlier, that
the stress functions of Ref. 8 cannot satisfy all the boundary
conditions exactly.

Furthermore, a (~45/45/0 deg), angle-ply laminate sub-
jected to uniaxial tension is analyzed. The variation of inter-
laminar shear stress 7,, at 45/0 deg interface is shown in Fig.
6. It can be seen that there are excellent qualitative agree-
ments between the present results and those of Tang® and
Rybicki and Schmuesser,' however, the magnitudes are dif-
ferent. The curve, from the present results, lies between those
of Refs. 8 and 14, and it is believed that the present results
should be more reliable due to the exact satisfactions of all
the traction-free-edge boundary conditions and interface trac-
tion continuity.

In order to have additional comparisons with the available

results in the literature, other material properties for graphite/

epoxy are introduced as follows: E,; = 20.0Msi, E,, = E;; =
21 Msi, G, = Gi3 = Gy = 085 Msi, v, = vy = vy =
0.21. The effect of the hole-radius-to-laiminate-thickness ratio
R/H on the interlaminar shear stress at 45/ —45-deg interface
of a (45/—45 deg)s laminate due to uniaxial tension is shown
in Fig. 7. It can be seen that the present results have a similar
trend compared with those of Tang,” which reveals that the
boundary-layer effect for a high R/H ratio or a thin laminate
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(—45°/45°/0°)
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j --o--Rybicki,Schmuesser[M]
~%- Tang|8]

2.0

0(Degrees)

-2.0%-

Fig. 6 Interlaminar shear stress 7, around a circular hole at 45/0-
deg interface of a (—45/45/0 deg); laminate, R/H = 100.

1.4 (45°/ — 45°)s
8 = 90°
1.2 - R/H=100
-X- R/H=50 ¢Present

e - R/H=33
Ftos A 4 R/H=100
% :I;“ -« R/H=50 ;Tang(7]
W

- R/H=33

1.00 1.01 1.02 1.03 104 1.05

Fig. 7 Interlaminar shear stress 7,, distributions from the hole edge
for various R/H ratios.

dissipates more quickly than a small R/H ratio or a thick
laminate. In addition, it is worth noting that the decay pa-
rameter in Ref. 7 is equal to 0.785 (i.e., #/2m, 2m is the
number of plies) which is independent on the material prop-
erties of the laminate. This point conflicts with the results
presented in Refs. 3-5 and this paper.

The distribution of interlaminar shear stress 7., at 0/90 deg
interface of a (0/90 deg)s laminate at # = 45 deg vs the non-
dimensional radial coordinate (r — R)/2H under far-field pure
shear is shown in Fig. 8 along with the comparison results of
Zhang and Ueng.'” It can be seen that the present results
agree well with those of Ref. 10 except along the hole bound-
ary (at r = R). This discrepancy may be attributed to the
assumed order of stress singularity of Zhang and Ueng.!?

In order to understand the variation of interlaminar stresses
due to different loading conditions, the case of a (90/0 deg),
boron/epoxy laminate, adopted in previous examples, sub-
jected to two different loading conditions, namely, uniaxial
tension and pure shear, is considered. The results for the
variation of interlaminar shear stress 1, around the hole at
90/0-deg interface are given in Fig. 9. It can be seen that the
peak values of 7,, for uniaxial tension and pure shear are at
angles of about # = 76.5 deg and 45 deg, respectively, and
the magnitude for uniaxial tension is about half of that pure
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Fig. 8 Interlaminar shear stress 7,, at 0/90-deg interface of a (0/90
deg); laminate under pure shear.
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Fig. 9 Interlaminar shear stress 7, around a circular hole at 0/90-
deg interface of a (90/0 deg); laminate under various loading condi-
tions, R/H = 1.25.

shear. It means that the interlaminar shear stress 7., caused
by pure shear is more severe than that of uniaxial tension for
(90/0 deg), laminates.

The results for the variation of interlaminar normal stress
o,, around the hole at the midplane for the same laminate
are given in Fig. 10. Again, it can be seen that the peak values
of o,, for uniaxial tension and pure shear are at angles of
about 8 = 90 deg and 12.5 deg individually and in a ratio
about 1.23, which means the interlaminar normal stress o,
due to uniaxial tension is somewhat higher than pure shear.
In addition, it is also interesting to see, from Figs. 9 and 10,
that the distribution of interlaminar shear stress 7,4 is sym-
metric, while the interlaminar normal stress o, is antisym-
metric about the line of 8 = 45 deg under the pure shear
loading.

IV. Conclusions

An efficient analytical procedure to determine the three-
dimensional stress distributions around a circular hole in sym-
metric laminates under a set of far-field stresses is presented.
From the results obtained, the following conclusions can be
reached:

1) The present solution needs less computation effort and
computer execution time than any other method available in the
literature. Moreover, solutions obtained are highly acceptable.

2) The accuracy of boundary-layer stresses distribution around
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Fig. 10 Interlaminar normal stress o, around a circular hole at the
midplane of a (90/0 deg); laminate under various loading conditions,
R/H = 1.25.

the hole in composite laminates is highly dependent on the
exact satisfaction of free-edge boundary conditions.

3) The decay parameters for the boundary-layer stresses
depend on the laminate properties and R/H ratio.

4) The boundary-layer effect for a high R/H ratio or a thin
laminate dissipates more quickly than a small R/H ratio or a
thick laminate.

5) The interlaminar shear stress 7,, caused by pure shear
is more severe than that of uniaxial tension, while the inter-
laminar normal stress o, due to uniaxial tension is somewhat
higher than pure shear for (90/0 deg) laminates.

Appendix
Expressions for P, in Eqgs. (19) and (20):
N T
Py = Z f S¥piq do
k=1J-m
N ™
Ps= f S®p3q(1/6 + 12BY + BY) do
k=17J-7

N [w
P = ;;1 jﬂ, S$p.pag d6

N T
Py = f S¥p3q[1/20 + (1/4BS + 1/3BY?)
k=147

+ (13B® + BY?) + BY¥BY] do

N o
Py = > f $¥p.p.q(1/6 + 12B% + BE) do
k=1 -
N g N
Py = z J' 52'3)175‘1 de
k=17—7
N T N
Pa=> f S¥pg[1/3 + BY + BX) de
k=177
N ko N
Po= 3 | Stppalls + 12(% + BY) + BOBO] a0

N T
Po=3 | Swpls + BE + B a0
k=17

— k — k — 2
where p, = a(lz),pz = a$§), q = 0’33!,,=U-
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